The characterization of the complex hyperbolic space equipped with the Bergman metric of negative constant holomorphic sectional curvature, as the unique (up to holomorphic isometries) simply connected irreducible homogeneous Kähler manifold admitting a nonvanishing Kähler homogeneous structure in Abbena-Garbiero's class K2 ⊕ K4, is given.
Introduction
The Kähler case of Riemannian homogeneous structures ( [3, 15, 18] ) has been studied in [1, 2, 6, 7, 13, 16] , among other papers. Abbena and Garbiero [1] gave a classification of Kähler homogeneous structures, which has four primitive classes K 1 , . . . , K 4 (see [6, Th. 5 .1] for another proof and §2 below for the result). The purpose of the present paper is to prove the following result: Theorem 1.1. A simply connected irreducible homogeneous Kähler manifold admits a nonvanishing Kähler homogeneous structure in Abbena-Garbiero's class K 2 ⊕ K 4 if and only if it is the complex hyperbolic space equipped with the Bergman metric of negative constant holomorphic sectional curvature.
We thus have a situation similar to the Riemannian case, where a connected, simply connected and complete Riemannian manifold admits a nonvanishing homogeneous structure of first class if and only if it is isometric to the hyperbolic space ([18, Th. 5.2]), and similarly we obtain a vector field ξ (see (4.4) in §4) which is the complex analog of the vector field in the Riemannian case satisfying ∇ X ξ = g(X, ξ)ξ − g(ξ, ξ)X ( [18, 8] ), for Riemannian homogeneous structures of first class and models of negative constant (ordinary) sectional curvature. Moreover, this suggests the possibility of a quaternionic analog to Theorem 1.1 for models of negative constant quaternionic sectional curvature, and also of a Cayleyan analog.
On the other hand, similarly to the Riemannian case [18, p. 55] , one has a solvable group acting simply transitively on the relevant domain (see Remark 4.2, (i)), thus explaining why positive (holomorphic sectional) curvature is not detected.
Preliminaries and notations
As is well-known, Ambrose and Singer proved in [3] that a connected, simply connected and complete Riemannian manifold (M, g) is homogeneous if and only if it admits a Riemannian homogeneous structure, i.e., a (1, 2) tensor field S satisfying (2.1)
where ∇ = ∇ − S, ∇ denotes the Levi-Civita connection and R the curvature tensor of ∇. We write S XY Z = g(S X Y, Z). Then, from ∇g = 0 it follows that the condition ∇g = 0 is equivalent to S XZY = −S XY Z . We set
In the sequel X, Y, Z, W, U, ξ, ζ, will stand for vector fields on a C ∞ manifold M . We denote by F the Kähler form, defined by F (X, Y ) = g(X, JY ), by r the Ricci tensor and by s the scalar curvature.
Sekigawa proved ( [17] ) that a connected, simply connected and complete almost Hermitian manifold (M, g, J) is homogeneous if and only if it admits an almost Hermitian homogeneous structure, i.e., a (1, 2) tensor field S satisfying the conditions (2.1) and ∇J = 0.
We further suppose that (M, g, J) is Kähler, so ∇J = 0. As ∇J = 0, the condition ∇J = 0 is equivalent to S XJY JZ = S XY Z . Hence, if S is an almost Hermitian homogeneous structure satisfying that invariance condition, then the manifold is Kähler ( [1, Th. 5.8] ). This property is equivalent to saying that S belongs to the vector space
The classification of Kähler homogeneous structures was obtained by Abbena and Garbiero in [1, Th. 2.1]. We recall here their result: Let V be a 2n-dimensional real vector space (which is the model for the tangent space at any point of a manifold equipped with a Kähler homogeneous structure) endowed with a complex structure J and a Hermitian inner product , , that is, J 2 = −I, JX, JY = X, Y , X, Y ∈ V , where I denotes the identity isomorphism of V .
If dim V ≥ 6, S(V ) + decomposes into the direct sum of the following subspaces invariant and irreducible under the action of the group U (n) :
S eieiX , for any X ∈ V ; {e 1 , . . . , e 2n } denotes an arbitrary orthonormal basis of V ; and
We can write the class K 2 ⊕ K 4 as
Remark 3.1. We recall that K 2 ⊕ K 4 is the sum of the isotypic components K 2 , K 4 of the smallest dimension in the decomposition of S(V ) + above. In fact, one has K 2 ∼ = K 4 ∼ = V ∼ = V * , and the respective dimensions of K 1 , . . . , K 4 are (see [1, p. 382] ) n(n + 1)(n − 2), 2n, n(n − 1)(n + 2), 2n. It is thus reasonable that K 2 ⊕K 4 corresponds to spaces of (negative) constant holomorphic sectional curvature, which are scarce in all homogeneous Kähler spaces. Lemma 3.2. A simply connected complete irreducible Kähler manifold (M = G/H, g, J) of real dimension 2n ≥ 4 which admits a nonvanishing Kähler homogeneous structure S ∈ K 2 ⊕ K 4 , is Einstein.
Proof. Let ξ be the vector field dual to the 1-form θ = θ 1 + θ 2 and ζ the vector field dual to the 1-form θ 1 − θ 2 , both with respect to the metric. From (3.1) we have
Taking the ∇ Z derivative of this formula, applying Ambrose-Singer's equations (2.1) and Sekigawa's equation ∇J = 0, and contracting with g(W, · ), we obtain
Thus, from ∇g = 0 we have g(ξ, ξ) = const, g(ζ, ζ) = const. If ξ = 0, ζ = 0, we also have
The second Ambrose-Singer condition in (2.1) can be written as
Suppose ξ = 0. Applying Bianchi's second identity to (3.5) and then substituting (3.2), we obtain
Contracting (3.6) with respect to X and W and applying Bianchi's first identity, we deduce
Contracting (3.7) with regard to Y and U , we obtain r(Z, ξ) = (s/2n) g(Z, ξ). Putting a = 1/(2n + 2), b = s/2n, we can write (3.7) as
On the other hand, from Bianchi's first identity one has R W U (Jξ, · ) = R ξJW (U, · ) − R ξJU (W, · ). Thus we can write (3.6) as
Substituting (3.8) in (3.9) and denoting by Ξ(U ) the right hand side of (3.8), we deduce
Taking W = ξ in this formula we obtain
Contracting this formula with ξ, in account of r(ξ, · ) = bg(ξ, · ) we deduce
Contracting with Jξ we have g(ξ, ξ) 2 (r(JU ) − b(JU ) ) = 0. Since ξ = 0 we conclude that r = bg, that is, (M, g, J) is Einstein. Now suppose ξ = 0, ζ = 0. It is immediate to see that [ζ, Jζ] = −2g(ζ, ζ)Jζ, so that M has a 2-dimensional involutive distribution, which is also parallel as follows from (3.2) and ∇ζ = 0 in (3. Proof. Suppose ξ = 0. Since by the Lemma the manifold is Einstein, (3.10) gives us
Contracting this formula with ξ we deduce, being k = g(ξ, ξ),
On the other hand, from Bianchi's first identity we deduce R W U (ξ, · ) = R ξU (W, · ) − R ξW (U, · ). Substituting these two summands by their expression from (3.8) and then substituting the expression for R W U (ξ, · ) in (3.12) we obtain
That is, (M, g, J) is a model of constant holomorphic sectional curvature c = s/n(n + 1). To determine the sign of s, we prove that (being ξ = 0 or not) if (M, g, J) is a space of constant holomorphic sectional curvature c, then ζ = 0 and c = −g(ξ, ξ). In fact, comparing the expressions for R XJX ξ respectively obtained from substitution in the usual expression
and from ∇ X ξ = S X ξ, since n ≥ 2 we obtain the system of equations
From (3.14) we have g(ξ, ξ)ζ = (g(ξ, ξ) + c)ξ that, if is true, implies (3.13). In (3.15), we can take X orthogonal to ζ and Jζ, so g(ξ, ξ)
Suppose g(ξ, ξ) = 0. As ξ = 0, (3.15) simplifies to
Since dim M ≥ 4, we can take X orthogonal to ζ and to Jζ, so cg(X, X) = 0, that is, the manifold is flat. From (3.4) we deduce
Taking X = ζ we have g(ζ, ζ)ζ = 0, which implies ζ = 0, but then S vanishes. On the other hand, if g(ξ, ξ) = 0, then (3.16) gives g(ξ, ξ) + c = 0; hence ζ = 0.
The case ξ = 0, ζ = 0 has been already discarded in the previous Lemma.
Remark 3.4. In the conditions of Lemma 3.2, for ξ = 0, ζ = 0, substituting (3.2) in (3.5), as ∇J = 0 we have
Thus (M, g, J) is Hermitian symmetric. As we have seen, it is holomorphically isometric to a Kähler product, with a 2-dimensional factor, which is a space of negative constant curvature −4g(ζ, ζ), as it follows from (3.4).
Now, there are ([10, pp. 518-20]) four nonflat noncompact Hermitian symmetric surfaces: SU (1, 1)/S(U (1) × U (1)), SO * (4)/U (2), SO 0 (2, 1)/SO(2) × 1 and Sp(1)/U (1). All of them are isomorphic, and can be identified to the real hyperbolic space SO 0 (2, 1)/SO(2) × 1. Taking the half-plane Poincaré model H = {z = x + iy ∈ C : y > 0} for it, we have the metric and the complex structure (particular cases of (4.2) and (4.3) below)
It is immediate that the vector field ζ = −(c y/2) ∂/∂y (a particular case of (4.4) below) satisfies the equation ∇ X ζ = 2g(X, Jζ)Jζ, ∇ being the Levi-Civita connection of g. We conclude that in the simply connected reducible case one can also consider spaces holomorphically isometric to products of the 2-dimensional Siegel domain model of the complex hyperbolic space, that is, the above halfplane Poincaré model, equipped with the Kähler homogeneous structure S given by S X Y = 2g(X, Jζ)JY , and any other Hermitian symmetric space, endowed with its standard vanishing Kähler homogeneous structure as a Hermitian symmetric space.
4 Proof of Theorem 1.1
As for the converse, it suffices to give a nonvanishing Kähler homogeneous structure on any model of negative constant holomorphic sectional curvature. Thus, to finish the proof we explicitly give such a structure on the Siegel domain 
(D + , g + , J + ) is a Kähler manifold, with
The Riemannian manifold (D + , g + ) is homogeneous, hence complete. Since (D + , g + , J + ) is connected, simply connected and complete, it is a model of negative constant holomorphic sectional curvature. Furthermore, we seek for a homogeneous structure S of the type
Since ∇ξ = 0, we must find a vector field ξ on D + satisfying (4.1) ∇ X ξ = g(X, ξ)ξ − g(ξ, ξ)X − g(X, Jξ)Jξ .
Putting u k = v k + i w k , the metric g + and the complex structure J + are written as 
